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Introduction

Deterministic = perfect foresight

Perfect anticipation of all shocks in the future, and therefore of all
future choice variables

Can be solved exactly (up to rounding errors)

Full nonlinearities taken into account

Often useful when starting study of a model, or when studying the
effect of strong nonlinearities
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@ Presentation of the problem

© Solution techniques

© Shocks: temporary/permanent, unexpected/pre-announced
0 Occasionally binding constraints

© Extended path

@ Appendix: dealing with nonlinearities using higher order approximation
of stochastic models
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@ Presentation of the problem
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The (deterministic) neoclassical growth model

o0 Cl—a
max g et S—
{Ct}?il —1 ]. — 0

s.t.
Ct + kt = Atk?—l + (1 — 6)kt71
First order conditions:

¢ 7 =By (aA k™ +1-0)
Ct + kt = Atk?—l + (]. — 5)kt_]_
Steady state:

FE
BaA
¢ = Ak® — 6k

Note the absence of stochastic elements! No expectancy term, no
probability distribution
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The general problem

Deterministic, perfect foresight, case:

f(ye+1, Yo, ye—1,ut) = 0

y : vector of endogenous variables

u : vector of exogenous shocks

Identification rule: as many endogenous (y) as equations (f)
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Steady state

A steady state, y, for the model satisfies

f(}_/,)_/,)_/,t_l)zo

Note that a steady state is conditional to:

» The steady state values of exogenous variables i
» The value of parameters (implicit in the above definition)

Even for a given set of exogenous and parameter values, some
(nonlinear) models have several steady states

The steady state is computed by Dynare with the steady command

That command internally uses a nonlinear solver
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What if more than one lead or one lag?

@ A model with more than one lead or lag can be transformed in the
form with one lead and one lag using auxiliary variables
@ Transformation done automatically by Dynare

o For example, if there is a variable with two leads x;2:
> create a new auxiliary variable a
> replace all occurrences of x; 2 by a1
> add a new equation: a; = X¢y1

@ Symmetric process for variables with more than one lag
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Return to the neoclassical growth model

_ [ ¢
yt_(kt)

Ut:At

fl) = (&7~ e (aAp1ki™t +1-0)
Ct + kt — Atktc.x_l + (1 — (S)kt_]_
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Solution of deterministic models

Approximation: impose return to equilibrium in finite time instead of
asymptotically

However possible to return to another point than the steady state
Useful to study full implications of nonlinearities
Computes the trajectory of the variables numerically

Uses a Newton-type method on the stacked system
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A two-boundary value problem

Approximation of an infinite horizon model by a finite horizon one

The stacked system for a simulation over T periods:

f(y2, y1, y0, u1)
f(ys,y2,y1, u2)

=0
=0
f(yrs1,yT,y7—1,uT) =0

for yo and yr.1 =y given.

Compact representation:

F(Y)=0
_ / / i
whereY—[y1 Yo ... yT].
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© Solution techniques
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A Newton approach

e Start from an initial guess Y(©)

o lterate. Updated solutions Y (K1) are obtained by solving:

OF
Wy 4 [9F ] (ytein) _ y) =
F(Y H[ay] (v ) =0

@ Terminal condition:

|y — vy (K| < ey and/or [|F(YR)[| < eF
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A practical difficulty

The size of the Jacobian is very large. For a simulation over T periods of
a model with n endogenous variables, it is a matrix of order n x T.
3 ways of dealing with it:

@ 15 years ago, it was more of a problem than today: LBJ (the default
method in Dynare < 4.2) exploited the particular structure of this
Jacobian using relaxation techniques

@ Handle the Jacobian as one large, sparse, matrix (now the default
method in Dynare > 4.3)

@ Block decomposition (divide-and-conquer methods) implemented by
Mihoubi
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Shape of the Jacobian

OF

oy

where
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A= —— _
s 8}’t—1 (}/s+17)/57)/s 1)
of
Bs = a_yt(YS—l—laySa)/s—l)
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Relaxation (1/5)

The idea is to triangularize the stacked system:

B G f(y2, y1: yo, t1)
A B G f(y3, 2, y1, U2)
AY = —
Ar_1 Broi Cr flyr,yr—1,y7,UT-1)
AT Br f(yr+1,¥1, Y171, UT)
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Relaxation (2/5)

First period is special:

/ D1 dl

B, — ADi G f(y3, Y2, y1, t2) + Azds
As B: G f(vary3,y2, u3)

oo , AY =— |
Ar_1 Br_1 Cr_; flyr,yT—1,y7,UT-1)
At Br f(yr+1,y7,¥Y7T-1,UT)

where
o Dy =BG

o d1 = Bl_lf(,\/27)/17)/07 U]_)
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Relaxation (3/5)

Normal iteration:

I D di
/ Dy dy
Bs—AsD, G f(va, y3, y2, 13) + Azdz
. . AY = - _
Ar_1 Broi Cra flyr,yT-1,y7,UT-1)
Ar Br f(yr+1,y7,¥y7T-1,UT)
where

e D, = (Bg — A2D1)_1C2
o dy = (B — AD1) " (f(y3,y2, y1, t) + Axdh)
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Relaxation (4/5)

Final iteration:

/ D1 dl
I D, do
I Dy ds
, AY = —
I D1 dr_1
/ dr

where

dr = (Bt — ArD7_1) *(f(y141, Y7, ¥y7-1,UT) + ATdT_1)
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Relaxation (5/5)

@ The system is then solved by backward iteration:

yf;_-‘rl yk o d

k+1 K k
Vi =y —dra = Dra(yitt - yF)

it =y —di — Di(ys ™ - v)

@ No need to ever store the whole Jacobian: only the Ds and ds have to
be stored

@ Relaxation was the default method in Dynare < 4.2, since it was
memory efficient
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Sparse matrix algebra

A sparse matrix is a matrix where most entries are zero
The Jacobian of the deterministic problem is a sparse matrix:

» Lots of zero blocks
» The As, Bs and C; are themselves sparse

@ More efficient storage possible than storing all entries

@ Usually stored as a list of triplets (7, j, v) where (i,) is a matrix
coordinate and v a non-zero value

e Family of optimized algorithms for such matrices (including matrix
inversion for our Newton algorithm)

@ Auvailable as native objects in MATLAB/Octave
@ Works well for medium size deterministic models

@ Nowadays more efficient than relaxation, even though it does not
exploit the particular structure of the Jacobian = default method in
Dynare > 4.3
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Block decomposition (1/3)

o ldea: apply a divide-and-conquer technique to model simulation

@ Principle: identify recursive and simultaneous blocks in the model
structure

e First block (prologue): equations that only involve variables
determined by previous equations; example: AR(1) processes

@ Last block (epilogue): pure output/reporting equations

@ In between: simultaneous blocks, that depend recursively on each
other

@ The identification of the blocks is performed through a matching
between variables and equations (normalization), then a reordering of
both
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Block decomposition (2/3)

Form of the reordered Jacobian

exogenous shocks AR(1
prologue

simultaneous block 1 <

simultaneous block 2 <

epilogue {
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Block decomposition (3/3)

@ Can provide a significant speed-up on large models

@ Implemented in Dynare by Ferhat Mihoubi

@ Available as option block to the model command

@ Bigger gains when used in conjunction with bytecode options
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© Shocks: temporary/permanent, unexpected/pre-announced
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Example: neoclassical growth model with investment

The social planner problem is as follows:
e .
max E; Zﬂfu(ctﬂ-, letj)
{Ct+j,et+j7kt+j}joio =0
s.t.
Yt =Ctt it
Yt = Atf(ke-1,Lt)
ke = iy + (1 — (5)kt_1
At = A*eat

ar = par—1 + €t

where € is an exogenous shock.
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Specifications

o Utility function:

@ Production function:

f(kt_l, ét) = |:Oék;p
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First order conditions

@ Euler equation:

uc(ce, be) = BE: [Uc(Ct+1,€t+1) (At+1fk(kt,€t+1) +1-— 5)]
@ Arbitrage between consumption and leisure:

uf(ctaet)
uc(ctaet)

@ Resource constraint:

+ Atfi(ke—1,4¢) =0

Ct + kt = Atf(kt_l,gt) + (1 — 5)kt_]_
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Calibration

Weight of consumption in utility 6 0.357
Risk aversion T 2.0
Share of capital in production a 0.45
Elasticity of substitution capital/labor (fct of...) -0.1
Discount factor 15} 0.99
Depreciation rate ) 0.02
Autocorrelation of productivity p 0.8
Steady state level of productivity A* 1
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Scenario 1: Return to equilibrium

Return to equilibrium starting from ko = 0.5k.

Fragment from rbc_det1.mod

steady;

ik = varlist_indices(’Capital’,M_.endo_names);
CapitalSS = oo_.steady_state(ik);

histval;
Capital(0) = CapitalSS/2;
end;

simul (periods=300) ;
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Scenario 2: A temporary shock to TFP

@ The economy starts from the steady state

@ There is an unexpected negative shock at the beginning of period 1:
€1 = —-0.1

Fragment from rbc_det2.mod
steady;

shocks;

var EfficiencyInnovation;
periods 1;

values -0.1;
end;

simul (periods=100) ;
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Scenario 3: Pre-announced favorable shocks in the future

@ The economy starts from the steady state
@ There is a sequence of positive shocks to A;: 4% in period 5 and an
additional 1% during the 4 following periods

Fragment from rbc_det3.mod
steady;

shocks;

var EfficiencyInnovation;
periods 4, 5:8;

values 0.04, 0.01;
end; J
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Scenario 4: A permanent shock

@ The economy starts from the initial steady state (ag = 0)
@ In period 1, TFP increases by 5% permanently (and this was
unexpected)

Fragment from rbc_det4.mod
initval;

EfficiencyInnovation
end;

I
o

steady;

endval;
EfficiencyInnovation
end;

(1-rho)*1og(1.05) ;

steady;
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Scenario 5: A pre-announced permanent shock

@ The economy starts from the initial steady state (ag = 0)
@ In period 6, TFP increases by 5% permanently

@ A shocks block is used to maintain TFP at its initial level during
periods 1-5

Fragment from rbc_det5.mod

// Same initval and endval blocks as in Scenario 4

shocks;

var EfficiencylInnovation;
periods 1:5;

values O;

end;
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@ Occasionally binding constraints
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Zero nominal interest rate lower bound

@ Implemented by writing the law of motion under the following form in
Dynare:

i = max {0, (1 — p;)i* + piie—1 + px(me — 7°) + 1}

o Warning: this form will be accepted in a stochastic model, but the
constraint will not be enforced in that case!
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Irreversible investment

Same model than above, but the social planner is constrained to positive

investment paths:

Z 5JU Ct+j7€t+_l)

{Ct+J7et+J ’kt+_/ }_, =0 ;
s.t.

Ye=Ct + it
Yt = Atf(kt—l,ft)
ke = i + (1 — 8)ke—1
ir >0
As = At
ar =par—1+¢Et

where the technology (f) and the preferences (u) are as above.
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First order conditions

Uc(Ct, Kt) — pe = PE; [uc(ct+17€t+l) (At+1fk(kt,€t+1) +1- 5)
— pera(l = 5)]

Ue(Cnft)

Uc(Ctyft)

¢t + ke = Aef(ke—1,0e) + (1 — 0) ke
pie (ke — (1 — 6)ke—1) =0

+ Aefi(ke—1,€:) =0

where p; > 0 is the Lagrange multiplier associated to the non-negativity
constraint for investment.
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Writing this model in Dynare

Fragment from rbcii.mod

mu = max(0, (((c"theta)*((1-1) " (1-theta))) " (1-tau))/c
- expterm(1)+beta*mu(1)*(1-delta));

(i<=0)*(k - (1-delta)*k(-1))
+ (i>0)*((((c~theta)*((1-1)~(1-theta))) " (1-tau))/c
- expterm(1)+beta*mu(1)*(1-delta)) = O;

expterm = betax((((c theta)*((1-1)~(1-theta))) " (1-tau))/c)
* (alpha*((y/k(-1)) " (1-psi))+1-delta) ;
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© Extended path
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Extended path (EP) algorithm

@ Algorithm for creating a stochastic simulated series

@ At every period, compute endogenous variables by running a
deterministic simulation with:

> the previous period as initial condition

> the steady state as terminal condition

» a random shock drawn for the current period
» but no shock in the future

o Advantages:
» shocks are unexpected at every period
» nonlinearities fully taken into account

@ Inconvenient: solution under certainty equivalence (Jensen inequality
is violated)

@ Method introduced by Fair and Taylor (1983)

@ Implemented in Dynare 4.3 by Stéphane Adjemian under the
command extended_path
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k-step ahead EP

@ Accuracy can be improved by computing conditional expectation by
quadrature, computing next period endogenous variables with the
previous algorithm

@ Approximation: at date t, agents assume that there will be no more
shocks after period t + k (hence k measures the degree of future
uncertainty taken into account)

o If k =1: one-step ahead EP; no more certainty equivalence

@ By recurrence, one can compute a k-step ahead EP: even more
uncertainty taken into account

o Difficulty: computing complexity grows exponentially with k

@ k-step ahead EP currently implemented in (forthcoming) Dynare 4.4;
triggered with option order = k of extended path command

Sébastien Villemot (CEPREMAP) Deterministic Models June 10, 2014 42 / 50



Outline

of stochastic models
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Local approximation of stochastic models

The general problem:

Eef(ye+1, e, ye—1,ut) = 0
y : vector of endogenous variables

u : vector of exogenous shocks

with:
]E(Ut) =0
/
E(uruy) = X,
/
E(utuy) = 0 fort#s
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What is a solution to this problem?

@ A solution is a policy function of the form:

Yr = g()’t—h UtyU)

where o is the stochastic scale of the problem and:

Ut41 = 0 Et41

@ The policy function must satisfy:

Etf(g (g (_yt—la Ut,O') ) Ut+170) 7g(yt—1a Ut,O') ayt—lv ut) - 0
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LLocal approximations

g(l) (Yt—l-l, Ut, U) = )_/ + gy}/}t—l + 8ult

5(2) _-. 1 o
8 (Vg1 U 0) =y + 5800 T 8yYe-1+ Bulit

1 N N
+ > (&yy (Vt—1 ® Pr—1) + guu (Ut ® uy))
+ 8yu (yt—l ® Ut)
~(3) _ 1 1 1 R 1
g (yt+17 Uy, O) =y+ Egaa + ggacra + Ego'ay)/tfl + Egacruut
+ gyj\/t—l + guur + ...
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Breaking certainty equivalence (1/2)

The combination of future uncertainty (future shocks) and nonlinear
relationships makes for precautionary motives or risk premia.

@ 1%t order: certainty equivalence; today’s decisions don't depend on
future uncertainty

e 2" order:
5(2) gyt 0
g (yeq1,up,0) =y + 5800 + 8y Je-1 + Gul
1 A N
+ 5 (gyy (yt—l & Yt—l) + 8uu (Ut X Ut))
+ 8yu (yt—l & Ut)

Risk premium is a constant: %gag
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Breaking certainty equivalence (2/2)

e 3" order:

~(3) _ 1 1 1 R 1
g (yt+17 Uz, U) =y+ Egaa + égaaa + Egoay)/t—l + Egaguut
+gyYe-1+gulr + ...

Risk premium is linear in the state variables:

1 1 1 . 1
igao + 6gaao + igaay}/t—l + Egaauut

Sébastien Villemot (CEPREMAP) Deterministic Models June 10, 2014 48 / 50



The cost of local approximations

@ High order approximations are accurate around the steady state, and
more so than lower order approximations

@ But can be totally wrong far from the steady state (and may be more
so than lower order approximations)

© Error of approximation of a solution g, at a given point of the state
space (yt—1, Ut):

& (Yt—17 Ut) =
]Etf (g (g (yf—l: Ug, U) y Ut41, U) 7§ (.yt—la Ug, J) y Yt—1, Ut)

@ Necessity for pruning
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Approximation of occasionally binding constraints with
penalty functions

The investment positivity constraint is translated into a penalty on the
welfare:

ma Zﬂ u(Cetj, Leyj) + h-log(ies )
{Ctﬂ,ftﬂ,ktﬂ}J OJ 0
s.t.
Yt = Ct+ it

yr = Atf(kt—laft)
kt == it -I‘ (1 - 5)kt—1
At = A*eat
ar =par—1+¢€t
where the technology (f) and the preferences (u) are as before, and h
governs the strength of the penalty (barrier parameter)
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